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Measuring Entanglement: 
Symmetry-resolved Entropy 

Dr Olalla Castro-Alvaredo of the City University 

of London (UK) and her collaborators are 

advancing our understanding of an important 

phenomenon of quantum mechanical 

systems known as entanglement and, 

especially, its mathematical measures. 

Symmetry-resolved entanglement entropy 

is one such measure. Their study focuses on 

special quantum states which are excited 

with respect to a ground state. The research 

shows how the entanglement amongst 

quantum particles can be measured and 

assesses the contribution to the entanglement 

of quasiparticle excitations, particularly in the 

presence of additional symmetries.   

The Unique Connection Between Quantum Particles

In the complex world of quantum mechanics, entanglement is a 
key principle that challenges our common understanding of the 
universe. In a few words, entanglement is a unique connection 
between quantum particles that allows them to share properties, 
even when they are far apart. Albert Einstein famously referred to 
this as ‘spooky action at a distance’. 

But entanglement is more than just an academic curiosity; 
it lies among the foundations for emerging technologies like 
quantum computing, which has the potential to vastly outperform 
today’s computers, and quantum cryptography, a new form of 
cybersecurity that could offer unprecedented security based on 
the principles of physics.

Dr Olalla Castro-Alvaredo of the City University of London in the 
UK works with colleagues to explore a specialised aspect known 
as symmetry-resolved entanglement entropy. Essentially, this is 
a way to measure the level of entanglement in a given system. 
This approach looks into how the internal symmetries of quantum 
systems influence the way entanglement is distributed. 

A Philosophical Battleground

Quantum entanglement was, at its conception (or discovery!), 
a battleground for philosophical debates, notably between 
Einstein and the Copenhagen interpretation advocates. Despite 
its controversial inception, entanglement has emerged as a 
fundamental aspect of quantum theory, elucidating the non-local 
interactions that defy classical physics’ locality principle.

A simple illustration of entanglement is the Einstein-Podolsky-
Rosen paradox, involving a pair of entangled particles created 

simultaneously by the decay of an atom. If one particle is 
observed to spin clockwise, its entangled partner, regardless of the 
distance separating them, will spin counterclockwise immediately 
upon measurement. This instantaneous state determination 
across spatial expanses without any observable transfer of 
information challenges our deepest intuitions about the fabric of 
reality: indeed, according to general relativity, information cannot 
move faster than the speed of light. 

Regardless, quantum entanglement is an observed phenomenon, 
and today, it plays a pivotal role in several technologies. Its role 
in quantum computing is to enable a superposition of entangled 
qubits to perform multiple calculations simultaneously, offering 
a leap in processing power over traditional binary systems. 
Quantum cryptography benefits from entanglement’s sensitivity 
to observation, as any attempt to intercept entangled particles 
alters their state, providing an unbreachable protocol for secure 
communication. 

Mathematical Tools to Quantify Entanglement

Entanglement measures serve as the mathematical tools that 
quantify the degree of entanglement within quantum systems. 
At the heart of quantum mechanics, entanglement signifies the 
intricate correlations that exist between parts of a quantum 
system, allowing distant particles to exhibit linked properties. For 
applications, it is crucial to keep track of the level of entanglement 
in a system to ensure it performs as requested: for this purpose, 
various entanglement measures have been developed, including 
entanglement entropy, concurrence, and negativity. Each 
measure provides a different lens through which to view and 
quantify entanglement, from the overall shared information 
between subsystems to the specifics of bipartite entanglement.  
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Entanglement measures serve 
as the mathematical tools 
that quantify the degree of 
entanglement within quantum 
systems. At the heart of quantum 
mechanics, entanglement signifies 
the intricate correlations that 
exist between parts of a quantum 
system, allowing distant particles 
to exhibit linked properties.

By applying these measures, physicists can not only gauge the 
depth of entanglement within systems but also manipulate 
quantum states for applications in computing, cryptography, and 
beyond. 

While traditional entanglement measures offer a broad view of 
quantum interconnectedness, they sometimes fall short when 
applied to complex quantum systems, largely due to the size of 
the computations that become necessary to obtain an accurate 
measurement. 

Symmetry-resolved entanglement entropy is a relatively novel 
proposal that aims to measure by dissecting the entanglement 
entropy according to the symmetries of the system. Traditional 
entanglement entropy measures the total quantum information 
shared across a bipartite system. Symmetry resolved 
entanglement entropy refines this by partitioning the entropy 
across different symmetry sectors, offering a more detailed 
picture of entanglement’s structure. 

This approach assumes that the system has an internal symmetry, 
but luckily, this is a common feature in quantum systems. 
For instance, in a quantum system exhibiting spin symmetry, 
symmetry-resolved entanglement entropy can distinguish 
between the entanglement contributed by spin-up and spin-down 
states, enabling analyses with a tremendous level of detail.

The case considered in Dr Castro-Alvaredo’s work is the one of 
zero-density excited states: essentially, these refer to specific 
quantum states that emerge when a finite number of particles or 
excitations are introduced above the ground state of a system. 
These states are considered in a ‘scaling limit’, meaning that 
as the system and the subsystem infinitely expand, their size 
ratio remains constant, which, in turn, allows the identification 

of fundamental aspects of the system that remain consistent, 
regardless of future evolutions, that is universal properties.

New Methodologies to Calculate Symmetry-
resolved Entanglement Entropy

Dr Castro-Alvaredo and her team have developed methodologies 
to calculate symmetry-resolved entanglement entropy in 1+1 
dimensional quantum field theories, utilising techniques from 
integrable systems theory. A key part of their research involves 
the use of form factors, which are mathematical tools used to 
calculate the correlation functions in quantum field theories. By 
applying these tools, the team has been able to derive expressions 
for symmetry-resolved entanglement entropy that apply to a 
broad range of quantum systems.

One significant finding from their work is the identification of 
a universal behaviour of symmetry-resolved entanglement 
entropy across different quantum systems. They demonstrated 
that for systems with U(1) symmetry (a type of symmetry 
related to conservation laws in physics), the symmetry-resolved 
entanglement entropy can be explicitly calculated and exhibits a 
simple dependence on the system’s symmetry charges. 

This work involves adapting a method known as form factor 
bootstrap, which is usually applied to understand how particles 
interact and scatter in quantum field theories. By using this 
method in a new way, the researchers are able to study 
entanglement in more detail, and through careful calculations and 
a strong foundation in theory, the team has developed formulas 
that describe how this type of entanglement works across 
different quantum systems. 
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What’s most impressive about these formulas is that 
they’re universal, meaning they can be applied to a 
wide range of scenarios. This is a big step forward in 
understanding the specifics of quantum entanglement 
because it offers a clear way to measure and analyse 
entanglement based on the symmetries present in a 
quantum system. Essentially, it provides a detailed map 
of how entanglement is structured, which is important for 
advancing our overall understanding of quantum physics.

The Universal Nature of Entanglement

This research not only affirms the universal nature of 
entanglement in quantum systems but also expands 
our understanding by providing a framework to quantify 
the symmetry-resolved entanglement entropy and its 
moments in a universal way that is both precise and 
widely applicable. Dr Castro-Alvaredo’s findings suggest 
that the relationships discovered to date are not confined 
to the specific models studied but will likely extend to 
other symmetries and even higher-dimensional theories. 
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Dr Olalla Castro-Alvaredo, City University of London, London, UK

Dr Olalla Castro-Alvaredo is a theoretical physicist specialising in 
low-dimensional quantum field theory. She has made significant 
contributions to the study of integrable 1+1-dimensional quantum 
field theories and related models. Her expertise spans statistical 
models, conformal field theories, and integrable quantum spin 
chains. Since beginning her research career in 1999, Dr Castro-
Alvaredo has made substantial contributions to the development 
of the bootstrap program, applying the thermodynamic Bethe 
ansatz, and employing the form factor program to a variety of 
problems. Since 2007, she has applied form factor techniques to 
study entanglement measures in quantum integrable models 
using a technique that she co-pioneered: branch point twist fields. 
More recently, she has co-authored work on the generalised 
hydrodynamics approach, a leading approach to studying the 
dynamics of many-body quantum systems out of equilibrium.

CONTACT
E: o.castro-alvaredo@city.ac.uk 

W: https://olallacastroalvaredo.weebly.com/ 

KEY COLLABORATORS
Professor Benjamin Doyon, King’s College London, London

Professor Andreas Fring, City, University of London

Dr David X Horváth, King’s College London

Dr Stefano Negro, University of York

FUNDING
Engineering and Physical Sciences Research Council 

FURTHER READING
L Capizzi, O Castro-Alvaredo, C De Fazio, et al., Symmetry 
Resolved Entanglement of Excited States in Quantum Field 
Theory I: Free Theories, Twist Fields and Qubits, Journal of 
High Energy Physics, 2022, 27. DOI: https://doi.org/10.1007/
JHEP12(2022)127

OA Castro-Alvaredo, C De Fazio, B Doyon, IM Szécsényi, 
Entanglement Content of Quasi-Particle Excitations, Physical 
Review Letters, 2018, 121, 170602. DOI: https://doi.org/10.1103/
PhysRevLett.121.170602

JL Cardy, OA Castro-Alvaredo, B Doyon, Form factors of 
branch-point twist fields in quantum integrable models and 
entanglement entropy, Journal of Statistical Physics, 2007, 
130, 129–168. DOI: https://doi.org/10.1007/s10955-007-9422-x

mailto:o.castro-alvaredo@city.ac.uk
https://olallacastroalvaredo.weebly.com/
https://link.springer.com/article/10.1007/JHEP12(2022)127
https://link.springer.com/article/10.1007/JHEP12(2022)127
https://link.springer.com/article/10.1007/JHEP12(2022)127
https://doi.org/10.1007/JHEP12(2022)127
https://doi.org/10.1007/JHEP12(2022)127
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.170602
https://doi.org/10.1103/PhysRevLett.121.170602
https://doi.org/10.1103/PhysRevLett.121.170602
https://link.springer.com/article/10.1007/s10955-007-9422-x
https://link.springer.com/article/10.1007/s10955-007-9422-x
https://link.springer.com/article/10.1007/s10955-007-9422-x
https://doi.org/10.1007/s10955-007-9422-x

	Button 4: 
	Button 5: 
	Button 2: 
	Page 3: 

	Button 3: 
	Page 3: 



